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Abstract—The present work proposes a new approach for
observer design for a general class of state affine nonlinear
systems with discrete-time measurements. A new high gain
observer design is developed and analyzed under insightful
conditions. This result is achieved by considering a persistent
excitation condition that can be validated on-line. The algorithm
is applied to an induction motor and validated with simulations.

I. INTRODUCTION

A fundamental problem in control design is the need
for the state vector of the system to be available in
continuous-time. However, this is not always the case, for
example when the output measurements are shared through
a digital communication network which is available only at
discrete-time instants ¢;. A useful solution is to use a state
observer that produces an estimation of the state vector with
discrete-time output measurements and whose estimation
asymptotically approaches the system state.

Many works have been devoted to the observer design
during the last decades when the output is continuously
available ([2], [4], [9]). The linear class has already been
tackled [19]. For the nonlinear case, many approaches focuses
on searching different coordinates where the system can be
expressed as a linear one [8], [17], [20], [24], they assume
that the observability does not depend on the input. More
general classes have been considered such as state affine
systems in [10], non uniformly observable systems in [5]
where a persistent excitation condition on the input is required.

Several approaches have been proposed for the design
of observers for nonlinear systems with discrete-time
output measurements. An observer is given in [22] for a
class of state affine nonlinear systems with discrete-time
output measurements where the notion of universal input is
considered. An high gain observer has been presented in
[12] for a class of MIMO nonlinear system, this observer
works in two times, it mixes : a continuous-time high gain
observer and a prediction between sampling times, this allows

C.-M. Astorga-Zaragoza
and G.-V. Guerrero-Ramirez

Centro Nacional de Investigacion y Desarrollo Tecnolgico
CENIDET, Int. Palmira s/n, 62490 Cuernavaca, Mor., Mexico

Email: astorga@cenidet.edu.mx

to dynamically update the observer gain. This work was
extended in [21] and an application was presented in [3].
More recently, in [18], an high gain continuous-discrete time
observer was proposed using constant observation gains.
An approach proposing an appropriate reformulation of the
continuous gain but adapted to the sampling constraints has
been proposed in [7] for uncertain systems and in [13] for
simultaneous state and parameter estimation.

The aim of this paper is to present a continuous-discrete
time observer for a general class of MIMO state affine
nonlinear systems. This class is more general than the one
previously considered. It has been introduced in [6] for
continuous time measurements. The main issue is the fact
that observability depends on both the input and the state.
Thus a new definition of persistent excitation condition has to
be introduced. The observer gain is issued from a Lyapunov
ODE that is computed in continuous-time. The proposed
continuous-discrete time observer is obtained through a
redesigned of an high gain continuous-time observer. The
observer gain is updated at sampling times when new
measurements are available. The convergence analysis is
direct and provides insightful expressions of the upper bound
on the sampling partition.

The paper is organized as follow. Firstly, the class of
considered system is presented together with some assump-
tions required for the continuous time observer design case.
Section III provides an high gain observer for the case of
continuously available measurements. The main results, that
is, the continuous-discrete time observer is presented in section
IV. The proposed observer is applied to a case study, i.e., an
induction motor in section V, where simulations are provided.
Finally, section VI. concludes this work.
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II. PROBLEM STATEMENT

Let us consider the following class of multi-variable state
affine nonlinear system

{ &(t) = A(u(t), (1)) x(t) + ¢ (x(t), u(t)) )

y(tr) = Cx (t) = x' (ty,)
with
0 Ap(u),zi@) - 0
AGu(), =) = | 0
0 Aq_l(u(t),ml(t)w” Lad7 ()
0 0] 0 0
@1 (u(t), = (1))
@2 (u(t), =" (t), z2(t))
e(u(t), z(t)) = :
en—1(u(t),z (1), -,z (t)
wn(u(t), z(t))
C = [ Inyxny  Ongxng Onyxng }

where the state z(t) = (z'..29)T € R?, zF € R™, k =
q

1,...,q with ny = p and >  ni =n and each Ag(u,z) is a
k=1
Nk X Np41 matrix which is triangular w.rt. = ie. Ag(u,z) =

Ap(u, 2ty 2%), k=1,...,¢—1; o(z(t),u(t)) is a nonlinear
vector function that has a triangular structure w.r.t. x; u € R®
denotes the system input and y(tz) € RP is the discrete-time
output. Furthermore 0 <ty < - <t < ...,
and limg_, 4 oo tx = +00, we assume that there exists Ay; > 0
such that 0 < Ay < Ay, VE > 0.
In order to design an observer for system (1), the following
classical assumptions are made (see [S] and [14])
Al  The state 2:(t) and the control u(t) are bounded, i.e.,
x(t) € X and u(t) € U, where X C R” and U C
R™ are compact sets.
A2 The functions A(u(t),x(t)) and ¢ (z(t),u(t)) are
Lipschitz w.r.t. z uniformly w.r.t. u where (u,z) €
U x X. Their Lipschitz constants are denoted by L 4
and L.

Since the state is confined to the bounded set X, one can
assume the Lipschitz prolongations of the nonlinearities, using
smooth saturation functions (see [23]). In the following, one
assumes that the prolongations have been carried out and that
the functions A(u(t),z(t)) and ¢ (z(t),u(t)) are provided
from these prolongations. This allows to conclude that for
any bounded input u € U, the functions A(u,z) and ¢ (x, u)
are globally Lipschitz w.t.r. z and are bounded for all x € R".

Ap =ty —1g

Assumption A1l gives the existence of an upper bound for the
state and for A(z(t),u(t)), these are defined as

xp = sup ||z (t)] )
>0

a = sup [|A(u(t), z(2)) | 3)
t>0
In order to design an high gain observer, one introduces the

diagonal matrix Ay as

Ao =diag [ I, In,/0 I,,,/097" ] 4)

The following properties are straightforward, given the struc-
ture of A and C

AgA(u,2)Apt = 0A(u,z)  CAt =C (5)

III. CONTINUOUS-TIME OBSERVER

The observer design for system (1) with a continuous-time
output is provided is now considered. System (1) can then be
rewritten as

{ o(t) = A (u(t), (t)) x(t) + ¢ (x(t), u(®)),

y(t) = Cz (t) = 21 (2).

The candidate observer is given by

B = Ault), 50)20) + elu(t), 2(1)
—0AF1STHHCT (Ca(t) —y(t) (D
where & = (&'...27)" € R" with * € R™, u and y are

respectively the 1nput and the output of the system (6) and S (t)
is a SPD (Symmetric Positive Definite) matrix governed by the
following Lyapunov ODE (Ordinary Differential Equation)

$(t) =6 (—S(t) — Auo(t), #0(t))"S — SA(uo(t), #o(t)) + cTc)
®)

with S(0) = ST(0) > 0 and § > 0 is a scalar design
parameter.

The main difficulty for designing an observer for system (6)
is that it is not necessarily uniformly observable. Indeed,
its observability depends on the input and the state, then
observability for arbitrarily short times must be ensured. A
specific excitation is thus required for the observer design.
In order to express this new assumption, we first need to
introduce ®(¢, s), the state transition matrix of the state affine

system )
§(t) = Alu(t), £(t))€(t) 9

where £ € R”, u and & are respectively the input and the state
of the dynamical system (7). The matrix ®,, ;(¢, s) is defined
as

(I) N
%ﬁ“’s) — A(u(t), #(1))Bus(tys), V=520, (10)

where I,, denotes the identity matrix in R™*".
The additional hypothesis can now be expressed
A3  The input u is such that for any trajectory & of system
(7) starting from #(0) € X, 30* > 0, 369 > 0, VO >
6* and Vt > 1/6, the following persistent excitation
condition is satisfied
t

)
D, 2(s,t Tor D, z(s,t > 9 A2
/ (s, 1) CTCPy 5 (s, )ds_ea(ﬁ) 3
t-1/0
(12)
where «(6) > 1 is a function satisfying
lim o(6) =0 (13)

f—o00 02
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Theorem 1: Consider system (6), satisfying assumptions
A1-A2. Then, for every bounded input satisfying assumption
A3, there exists a constant §* such that for every 6 > 6%,
system (7) is a state observer for system (6) with an expo-
nential error convergence to the origin for sufficiently high
values of 0, i.e. for any initial conditions (z(0),%(0)) € X,
the observation error Z(t) — z(t) tends to zero exponentially
when ¢ — oo.

Proof of Theorem 1 We shall first show that the matrix S(¢)
is SPD and we shall derive a lower bound for its smallest
eigenvalue. Indeed, one can show that the transition matrix,
(i)u,-i of the following state affine system

£(t) = OA(ult), &(t))E(2) (14)

is given by

Ds = Ng®y 5(t,8) A" (15)

where ®,, ; is defined by (10).
As a result, the matrix S(t), solution of ODE (8), can be
expressed as

S(t) = e ""®L 1(0,t)S(0)P.5(0,t)

t
+9/eie(t*s)&)ij(&t)CTCti)u@(sJ)ds
0
= —“A*@Zi(o )20 S(0)Ag®y 2 (0,1) A, "
+9/ TIEIATDL L (5,0) AgCT CAGD, 5 (s, 1) Ay ds

(16)

Using the fact that CAy = C and since S(0) is SPD, one
gets for t > 1/6

St)>0 [ e IS DL (5, 8)CT OB 4 (s, 8) Ay Mds

o\
o~
~

>0 / e PUTIATTDL L (5,0)CT O, 5 (s, 1) Ay Tds

=

t
>fe ! / e PTIATTDL (5, 6)CTCD, 4 (s, ) Ay Hds

1
-3

a7

1 0o
> 1
2020

I (18)

where &g and () are given by assumption A3. According
to inequality (18), one clearly has

67150

)\min(s) Z a(@)

19)

We shall now show that A;,.x(S) is bounded with an upper
bound independent of . To this end, we shall show that this
property is satisfied for each entry of the matrix S(¢). Indeed,
let us denote by .S; ; the block entry of matrix S located at
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the row 4 and the column j. Then, according to equation (8),
one has

Si1 = —0(S1(t) — 1) (20)
S1j = —0(S1;(t) + S15-1()A; 1 (u(t), &(1))) 1)
J=2,.,n
Sij = —0(Si;(t) + Sij—1 () A1 (u(t), &(t))
+A _1 (u(?), ()) i-14(1)) (22)
=2,.,0,] =1,..,n
According to (20), one has
SB[ < e [1S11(0)] +0/e’9“’5) 1, ds
0
< [5u.(0)] +9/e*9<H>ds
= [Su@l+1(1-e™) <[Su@)+1 @3

Now, for 7 > 2, let us proceed by induction on j in order to
show that S;; is bounded with a bound that does not depend
on 0. Indeed assume that Sy ;_; is bounded and let us denote

Sy =sup [[Sy,;-1(t)] 24
>0

Recall that according to assumptions Al and A2, the matrices
Ag(u,2),k=0,...,q — 1 are bounded. Thus, setting

Anr = supysq || Ak(u(t), 2(1))|l (25)

and using (21), one gets for j = 2,...,n

151 (8)]] < e~ HSlj 0)]]

+9/ —0(t—s) 151,5-1(s)Aj—1(u(t), Z(t))| ds

t

< HSlJ(O)H +GSA4AAI/€_0(t_S)dS
0

= 1513 (0)[| + S Am (1 - e*“)

<1515 (0)|| + SamAnm (26)
At this step, we have shown that all the entries located at
the first row (and the first column) of the symmetric matrix
S are bounded. We shall proceed by induction on the row
number ¢ in order to show that all the entries of a row are
bounded. Indeed, suppose that all the entries of the rows 1
to ¢ — 1 are bounded (with a bound that does not depend on
0) and let us show that all the entries of the row 7 are also
bounded. Since S is symmetric, all the entries S; ; with ¢ < j
are bounded by the induction assumptions. In particular, one
has S;_1; = ST) i1 and these matrices are bounded with

an upper bound, say KY; independent of 6. Now, we shall show
that S; ; is bounded for 5 > 1. Indeed, according to (22), one
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has
1S () < e [|Su (0)|

+9/e_g(t_s)||Si,i—1(5)Aj—1(u(5):i(s))
0

+ Aj_1(u(s), #(5))Si-1,i(s) | ds
t
< e 185 (0)]] +a(25MAM)/e—"<t—S>ds
0
= HS“(O)H + 2S5 Am (1 — eigt)
< [1S:(0)[| + 2Sm Am 27
Now, assume that S; ;_; is bounded and let us show that
S;; is also bounded. Indeed, according to the induction

assumptions, the entry S;_; ; located at the row ¢ — 1 is
bounded. From equation (22), one gets

155 ()] < e 15:;(0) |
+6 / U181 (3) A1 (u(s), £(s))

+ A7 1 (u(s), 8(5))Sim14(s)|ds

t
< e IS5 (0)]] + 0(2Sas Anr) / e—00=5) g
0
= [[Si;(0)[| + 2Snm An (1 - e_gt)

< 1865 0) || + 250 Ane (28)

To summarize, we have shown that all the entries of the
matrix S(¢) are bounded with an upper bound independent of
6. As a result the largest eigenvalues of S(t), Amax(.5), is also

independent of 6.

Now, we prove the exponential convergence to zero of the
observation error. Set T = AyZ where T = & — z is the
observation error, the errors dynamics is given by

(1) = 6 [A(u(t), (1)) — s-l(t)cTc] ()
+ Ao [AGu(t),a(0), 2(0)e + Bu(t), 2(0),2(2)] @9

where
A(u(t), #(6), 2(6)) = A(u(t), #(5)) — AQu(D),2(t)  (30)
‘15(“ 13 7‘72'(1f 75”(75 ) =@ u(t)v‘fj 3 ) - <p(u(t),:1c(t)) (€8]

Let V(t) = z7(t)S(t)z(t) be the Lyapunov candidate
function, using (8), one gets

V(z(t) = —0zT (t)S(t)z(t) — 0zT (t)CT Cx(t)
+28(1)S(H) A0 [A(u(t), 2(2), 2(8)z + F(u(t), (1), 2(1))]

(32)

Proceeding as in [16], one can show that for 6§ > 0

[122(8)S(8) Ag A(u(t), &(t), z(1))z(t) || < 2¢/(0) %S)e

V( )LA'I]\{

(33)

_ - NAmax ( S)e
122(£)S(t) Ag@(u(t), £(t), z(t)) || < 2/ (6) B V(t)Lg
(34

where L ; and Lz come from Assumption A2 and considering
Amin(S) as in (19).

By substituting (33) and (34) in (32), one gets

V(D) < -0 (1 oo e L@) v
(35)

According to (13), V(t) exponentially converges to zero for
values of 6§ sufficiently large. This ends the proof.

IV. CONTINUOUS-DISCRETE TIME OBSERVER

In this section, the main result of the paper is presented, that
is, observer design when the output is available at discrete time
only. In order to tackle this problem, the observer proposed in
section III is redesigned.

The continuous-discrete time candidate observer for system
(1) is then defined as follow

(1) = A(u(t), 2(1))2 + p(u(t), &(t)) — 045 ST () CT(t)
(36)
S(t) =6 (fS(t) — A(u(t), &(t))"S — SA(u(t), #(t)) + CTC)
(37
n(t) = —0CS ') CTn(t)  t€ [tr,thia], k€N (38)
n(te) = C(te) — y(tx) t =1k 39)

where # = [#1,...,297 is the state estimate and Ay is the
block-diagonal matrix defined in (4) with 6 > 0.
We can now present our main result

Theorem 2: Consider system (1), satisfying Assumptions
A1-A2. Assume that the input u is bounded and fulfill as-
sumption A3. Then, there exists 6y > 0 such that for every
0 > 0g, there exists xy > 0 such that if the upper bound of
the sampling partition parameter A, is chosen such that

A < Xo (40)

then the state of continuous-discrete time observer with
discrete-time measurements (36)-(39) exponentially converges
to the state of the state affine nonlinear system (1).

Proof of Theorem 2 Let us now prove the exponential
convergence to zero of the observation error. Set £ = AyZ
where & = & — z, the error equation is given by

&(t) = 0A(u(t), #(1))z(t) — 05~ (1)C (1)
+ Ap A(u(t), 2(t), x(1))x(t) + Do (u(t), 2(t), x())
=0 [Au(t), 2(t) - ST ®CTC) 3(t) + 057 (B)CT (1)
+ Do A(u(t), #(t), 2(6)w + Dop(u(t), &(), 2(t)  (@1)
where A(u(t),#(t), z(t)) and G(u(t), & (t ) x(t)) are defined
in (30) and (31) respectively, and z(t) = Cz(t) — n(t).

Using the fact that 7(¢) is governed by the ODE (38), one
can show that

2(t) = ClOA(u(t), #(1)Z(t) + Do Alult), (t), x(t))z(t)
+ Do (u(t), £(t), x(t))] (42)
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A candidate Lyapunov function is given by V(Z,t) =
zTS(t)z. Using (41) one gets

V(Z(t),t) = —0zT (¢
+ 20%

)S () (t) — 0" (t)C" Ca(t)

(t
(H)CT (1)

+22(t)S (1) Mo [A(u(t), 2(t), (t))x
+ P (u(t), 2(t), 2(1))] (43)
We shall now obtain an over-valuation of |z(¢)|, according

to equation (42), we have

0a + /nL sz + /nLg -
|<>|_< Vi )//795 Jds  (44)

where z;; and a are defined by (2) and (3) respectively. It
follows that

(0a + /nL zz0m + /nLg)
Amax(‘s)

122()CT (1] < 2

Combing the equations (43), (33), (34) and (45) gives
V(z(t),t) < -0V (z(t), 1)

+2v/a(6) n)\mdx [LAQJM + Lg] V(Z(1), 1)

(0@ + fLACCM +vnlLg)
Amax (S)

« VG, / SV (@(s), 5)ds

ty

+ 20

(46)

One can rewrite (46) as

WVEDD < v GEw.D

+[ (0a+fLA:cM—|—fL

Arnax(

+2\/a(@) ) MAmax( >[LW+L¢] V(). 1)

< —ag\/V(Z(t),t) + be / VV(Z(s),s)ds  (47)
where
max S)
=0-2v/a [Liznm + L) (48)
by = 260 (0a + \/ﬁLAl“M + \/ﬁL«B) (49)

Amax(s)

Applying Lemma 1 in [15] with ¢ = ag and b = by and
defining xp = ag/by gives the result.

o]
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V. EXAMPLE

To show the performances of the proposed approach, the
model of an induction motor is considered. This type of
motor is used in a wide field of industrial applications due
to its operating profitability. However, this machine dynamics
are highly nonlinear, besides not all its variables are usually
available, such as rotor variables. A solution is to use a
nonlinear observer to estimate all the states from available
measurements. The induction motor can represented by a
system of ordinary differential equations, given by (see [11],

(1D:

isa = —Yisa + %?ﬂ,-a + pKwipg + %LSUS@
isﬂ - *’YZsB 7pKw’ll)ro¢ + £¢Tﬂ + %LS’USB

. M C'reé
w = ‘Ij)iLr (Zsfi?;/}ra 'Lsoﬂbrﬁ) (50
. iy
ZZ’m = flsa - T, ’lproz pwwrﬁ
h M 1
1/%;3 = T8 + pwihra — fwrﬁ
with constant terms
_ L, _ M2 M _ Rs R, M2
Tr=5 o=1- L.L, K = oLsLr = oL, T oL, L2

where 75, and i,3 denote the stator currents; s, and 13
denote the rotor fluxes and w the angular velocity; the input
voltages are denoted v,, and v,g. The constant values used
in this simulation are presented in table I, [1].

TABLE 1
PARAMETERS OF THE MOTOR INDUCTION
Parameter Notation Value
Poles pairs P 2
Stator Resistance Rs 9.65Q
Rotor Resistance R, 4.30472
Stator Inductance Ls 0.4718H
Rotor Inductance L, 0.4718H
Mutual Inductance M 0.4475H
Rotor Inertia J 0.0293kg/m?
Resistance Torque Chres ONm

The nonlinear model (50) is transformed as a state affine
nonlinear system of the form (1), as follows:

&1 0 0 0 X pKal zi
&5 0 0 0 —pKuxi % x5
@ |={0 0 0 Mgl Mgl zk
i3 0 0 0 0 0 x7
&2 00 0 0 0 x2
_f}/m%'i_ﬁvsa
—W%tm“sﬁ
+ M 1 _1 7‘}625 2 1 (51)
o e _pxémi’
Trﬂﬂz—T*JCz priT3
T
y(te) = [ wi(te) a3(te) x3(t) | (52)

where the state is denoted by x = [2! 22]T. Thus the
variables are gathered as z!' = [2] 2} 2i]T = [isq isp w]T
and 22 = [2? 23]7 = [Yra ¥rs)T. We can now design
a continuous-discrete time nonlinear observer of the form

(36)-(39).
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The nonlinear model simulation is carried out with the
following values of the inputs: vs, = 310cos(wt) and
vsg = 310sin(wt), where w = 377rad; the sampled
measurement output y(t;) are available with a constant
sampling time Ay = 10ms, k € N*. The initial conditions
are chosen as z(0) = [z} 2} 2} 2% 23] =[0.2 0.2 10 1 1],
#(0) = [#] 21 23 #2 23] =[1 1 00 0] and S(0) = I5x5. The
simulation results of the continuous-discrete time observer
(36)-(39) for the induction motor (51) are presented on
Fig. 1. The tuning parameter is taken as # = 10, then
Ag = [I3x3 (1/0)I3x2]. We can note that the estimations
quickly converge to the unknown states 22 thereby confirming

the presented results.

VI. CONCLUSION

The problem of continuous-discrete time observer has
been considered for a general class of non uniformly
observable state affine nonlinear systems. A new approach
for continuous-discrete time observer design is presented for
a discrete time output based on an high gain structure. The
proposed design has been applied on simulation for a well
known case study of an Induction Motor.
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