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Abstract. This paper deals with the problem of delay-dependent stability
and stabilization of 2D continuous time varying delay systems described
by the Roesser model. Some sufficient conditions ensuring asymptotic sta-
bility and stabilization are established in forms of linear matriz inequality
(LMI) technique via Lyapunov techniques with additional free weighting
matrices. A numerical example is introduced to show the efficiency of the
proposed criteria for a 2D linear time-varying delay system.
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1 Introduction

Delayed multidimensional systems have been recently introduced but in the ma-
jority of the existing studies only the discrete case have been analyzed (see e.g. [5,
10,11, 15, 16]) except for a few recent papers [1, 7,9] where a Lyapunov approach
is applied to continuous Roesser models. These papers consider a constant time
delays. Recently, the delay-dependent stability problem for two dimensional sys-
tems with time-varying delays has been adressed [4,13], in the discrete case.
However, to the author’s knowledge, in the continuous case, this problem has
not been fully investigated except a recent paper we have published in [6] where
a delay dependent stability criterion is derived for 2D continuous time varying
delay systems. It is inspired from ([14, 17]) where some delay-dependent stabil-
ity criteria, for one dimensional continuous systems, are devised by taking into
account the relationship between the terms in the Leibniz-Newton formula by
means of a set of free weighting matrices leading to linear matrix inequalities
(LMI) conditions.

This paper addresses the problem of stability and stabilization for 2D continuous
time varying delay systems. The paper is organized as follows: in section 2, we in-
troduce the mathematical background needed to address the problem. In section
3, we introduce our main results: first, a sufficient condition is derived to check
the asymptotic stability of the system using Lyapunov techniques. This delay
dependent condition is different from the one presented in [6] and will be shown
to be less conservative. In the derivative of the Lyapunov functional, the term
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%(t1,ta) is retained but the relationship among the term in the system equation
is expressed by some free weighting matrices. In consequence, the Lyapunov ma-
trices in the Lyapunov functional are not involved in any product terms with
the system matrices. This idea developed in [8] provides some extra freedom in
the selection of the weighting matrices, which have the potential to yield less
conservative results. Second, we give a delay dependent criterion to design a
state feedback controller for 2D continuous time varying delay systems which
stabilizes the system. These conditions are expressed in terms of LMIs (linear
matrix inequalities, see [3]). Finally section 4 presents an illustrative example to
show the effectiveness of the proposed criteria.
Notations:

Throughout the paper we will use the following notations: a matrix added to
its symmetric will be called sym {A} = AT + A and () in a symmetric matrix
denotes the corresponding symmetric element. Also, 0, is the n x m zero
matrix, and I, is the n x n identity matrix. Some formula will be used in the
paper, in particular the Leibniz-Newton formula which is given by

t1

Pty o) — 2Pty — T (1), t2) — / (s, ta)ds =0 (1)

1—71(t1)

2 Problem formulation

extension of the Roesser model (see [12] and [2]) of the form:
8t1
Oz" (t1,t2)

|- [ 2] RG] o
L] [t i) + [ e

Ag1a Azaa| |2V (t1,t2 — T2(t2)
where 2" (t1,1,) is the horizontal state in IR™", 2 (t1,t) is the vertical state in
R™, u(ty,ta) is the control vector in R™, 71 and 75 are the delays in horizontal
and vertical directions respectively and A;;, A;jq and B;, (4,5 = 1,2), are real
constant matrices of appropriate dimensions. The initial conditions are given by

The class of 2-D systems with delays under consideration is represented by an
[axh(tl,tg)

:ch(H,tg) = f(&tz),Vfg and —h;<6<0
x”(tl,Q):g(tl,G),th and —hy<0<0

The time-delays 71(¢1) and 72(t2) are time-varying continuous functions that
satisfy

0< Tl(tl) < hlyT.l(tl) < d1
0< 7'2(752) < h277-.2(t2) < dg
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where f and g are continuous functions. For such a system we denote

h oz (t1,ts)
_ |zt t2)| _ 5t

oty t2) = [m”(tl,tz)} &t t2) = |:Bx”{§§,tz)
2

h
2t — T(tr). b — a(t2)) = {x (t1 — n(tl),tg)]

:L'U(tl,tg — Tg(tg))

and

A1 Aro A11a A124 By
|:A21 Azz} o |:A21d A22d:| ’ [32}

which allows us to write (2) in the usual form
i(tr,t2) = Ax(tr, t2) + Agz(ts — T1(t1), to — m2(t2)) + Bu(t1, t2) (3)
Consider the state feedback control:
u(ty, ta) = Kx(ty, ta) (4)

where the matrix
K = [Ki K]

is the state feedback gain to be determined.

3 Main results

3.1 Asymptotic stability

In this section, we investigate stability condition for time-varying delay system (2),
With u(t1,t2) = 0.

hi1 0 di 0
0 ho 0 dg] < I, the
system (2) is asymptotically stable if there exist symmetric positive-definite matrices

o T7P10 o TiQIO . TﬁRlO
P=P —{OPJ>O,Q—Q —{0622 >0and R =R = 0 Ry >0

and any a %’opm‘ately dimensioned matrices Yo, 11, 1o, A1, A2 and As such that the

Theorem 1 Given matrices H = { ] >0, U=H"'and W = [

following 1 is verified:
Q —sym{A1 A} +sym {Yo} ATAY — A A4+ T
b = * —(In = W)Q —sym{A2Aq} —sym {71} (5)
* *
* *

P+ Ay —ATAT + 1T HUTY,
Ay — ATAT 7T HUY,
HR + sym{A3} HUY>

* —HUR

<0

with
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h h h
e e[ e[

X1 X X3
_[xk 07 Xk 0] _[xk o0
X3 = [ . XU ; Xo3 = . XY, ; X33 = . XY,

Proof. Proof of theorem 1 is given in the appendix 6.1.

3.2 Stabilization

The objective of this section is the design of a stabilizing state-feedback controller for
system (2). Using the state-feedback control (4), (2) can be rewritten as:

z(t1,t2) = Acx(t1, t2) + Agz(t1 — T1(t1), t2 — T2(t2)) + Bu(t1, t2) (6)

where:
A — (A11 + B1K1) (A2 + B1K>?)
¢ (A21 + B2K1) (A22 + B2 K3)

Ay = |:A11d Al2d:|

A21d A22d

The problem is then to compute a static feedback control given by (4) such that
the closed-loop 2D system (6) is asymptotically stable.

Theorem 2 Let H = fn 0 >0, U=H "' and W = i 0 < I be given matrices,
0 ho 0 do
then the system (2) is stabilizable with the control law (4) if there ewist symmetric

X1 0
0 X,

P 0

positive-definite matrices X = XT = { } >0, P=PT = [0 P} >0,Q=
p)

Q" = @ 0 >0 and R = R" = B 0 > 0 and any appropriately dimensioned
0 Q2 0 R2
matrices Yo, 11, To and Y > 0 such that the following LMI is verified:

Q + sym {To} —sym{AX} —sym{BY} —AgX - XAT — XTBT + TEOT
* —(In —=W)Q —sym {711} — sym {AsX} )
* *
* *
'+ X+P—-XAT—YTBT HUT,
X - xAT -1" HUT | _
HR +sym{X} HUY>
* —HUR
with

= [So 0] &+ [S10] &+ [S20] &+ [S1—=S5 o0
TO_{OTo}’n_{ofj’n_{oTJ’TlO_{ 0 T -TF

and X = A7, Y =KX, Q=AQA, R= ARA, P = APA, ¥; = AT;A, i =0,1,2.
The gains K1 and Ks of the control law (4) are given by
Ki=Y1X; ' Ky = Yo X5 ! (8)

Proof. Proof of Theorem 2 is given in the appendix 6.2.
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4 Example

In order to show the applicability of our results, consider a 2D continuous system
represented by (2) with:

—1.8887 —1.4069 2.2169 —1.0753
o= AT - ]

—0.1447 —2.1601 6.0811 0.9372

4., — [15:8162 —6.7649) , ~_ [-0.7902 ~0.0011
127142121 5.0797 |7 T | —0.4672 —1.7982

The delay matrices are given by:

0.1 0 0.9 0
Aua = {—01—01 ]’Am: { -1 —11]

04 04 024 0
A1ag = {—0.08 0.04} y Azra = [ 0 0.04]

103 0.1 0
B = [0 0.5] Bz = {0.2 0.3}

The parameters hi, ha, di and d2 are modified in an iterative process until the
LMI (7) was found feasible. The obtained feedback gains

[—0.1185 0.0132] {—40.0278 10.7805]
K1 = 5 2 =

1.8912 0.5704 —46.1860 —29.8926

are then injected to construct the closed loop system which is again checked by condi-
tion (5) of Theorem 1. The maximum bounds of delays obtained are

hlmaz = 8.377 h2 = 3.337 and d1 = d2 =0.8

The condition obtained in [6] applied to the present closed loop system yields
the delay bounds Aimar = 0.3273 and he = 0.3026 which illustrate that the delay-
dependent condition given in this paper is less conservative than the existing result
proposed in [6].

Remark 1. From a numerical point of view, it is worth noting that matrices A12, A21
Ai124 and Az14 could yield badly conditioned LMI’s. In addition, the fact that all
the matrices are block diagonal increases the possibility that the LMI will be badly
conditioned resulting in non feasible LMI.

5 Conclusion

To conclude, let us highlight the general contribution of this paper. We first developed
a sufficient condition of asymptotic stability for 2D continuous time varying delay
systems. Using Lyapunov approach and the Leibniz-Newton formula, we proposed the
synthesis of a state feedback controller. The interesting fact in these conditions is that
they are delay dependent and expressed in terms of LMIs, so they are tractable from
a computational point of view. Finally, a numerical example is provided to illustrate
the results.
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6 Appendix

6.1 Proof of Theorem 1
X1
*

Lemma 1 ([14]). For any semi-positive definite matriz X" = :
*
*

0, the following holds

t1
h1fT(t1,t2)Xh£(t1,t2) —/ ﬁT(thtz)Xh{(tl,tg) >
ty1—71(t1)
where
E(tr,t2) = [iUhT(thtz) va(thtZ) th(tl —71(t1), t2)

Mt te) @7 (tr, t2)]”
Let us define

V(l‘(tl,tQ)) = V1(t1,t2) + Vg(t1,t2)

0Xf0X750
00 0O0O0
* X250 0 0
* x 0 0 O
% % X0
* ok x *x 0

0

Q?UT(th to — Ta(t2))

as a possible Lyapunov Krasovskii functional candidate for the system (2) with:

t1
V1(t1,tz) = QZhT(tl,tQ)Pll‘h(tl,tz) —‘y—/
t1—71(t1)
/ / (s,t2) Ri" (s,t2)dsdf
hy t1+9
T t2
Vz(tl,tz) =z’ (tl,tQ)szv(tl,tz) +/
to—72(t2)

0 to
+/ / &7 (t1, k) Roi” (t1, k)dkdo
—hg Jto+6

The derivative of function V (z(t1,t2)) along the vector

"0, t2)Q12"™ (0, t2)d6O

mvT(tla )sz (tla )de

8£Eh(t1,t2)
— ot
§(t17t2) = axv(ti tz)
Ota
is given by:
Vo V(a(t, t2) = (VV) o (tr, ) = {al av} S(t1, t2)
oxh  Odxv
_ OV(ti,t2) 9z"(tr,t2) | OV (tr,t2) Oa(t, t2)
6l‘h(t1,t2) 8t1 ( 2) 8t2
o 8V1(t1,t2) 8$h(t1,t2) (t ,tz) 8 (t1,t2)
T Ozh(ti,t2) Ok xv(t1,t2) Otz

—M. GHAMGUI et al. 1739

(10)
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where VV is the gradient of the function V. Let

E(thtg) = [.’L’hT(tl,tz) :Z?vT(tth) .’L’hT(tl — T1(t1),t2) .’EUT(tl,tQ — TQ(tQ))

@ (tr,ta) &7 (b, t2)]",

C(tr,ta,5,k) = [2"T (t1,t2) 2" (ta,t2) 2" (01 —mi(ta),t2) 2" (1, b2 — ma(t2))

"ty te) @7 (b, te) 2" (s, t2) &7 (81, k)T
and
T .
€; = [Onx(ifl)n I, Onx(Sfi)n} y 0= 1727“'78

Using the Leibniz-Newton formula (1), we can write
h h “ h
' (t1 — 11 (t1), t2) = x" (t1, t2) —/ z"(s,t2)ds (11)

t1—71(t1)

Then, for any appropriately dimensioned matrices Sp, S1 and S2, we have

2 [th(tl,tg)So 12"t — (k) 1)1 + "7 (4, tQ)SQ] x (12)
t1
xh(tl,tg) — th(tl — Tl(tl),tg) — / j:h(s,tz)ds = 0
t1—71(t1)

Similarly, for any matrices N1, N2 and N3 of appropriate dimensions, we have

2 [th(tl,tQ)Nl + l‘hT(t1 — Tl(tl),tQ)NQ +£I'3hT(t1,t2)N3:| X (13)
{a'ch(tl,tg) — Ana(tr, t2) — Araa”(tr, 12)

—A11d$h(t1 —71(t1),t2) — Ar2q2” (t1,t2 — 7'2(t2))} =0.

The free weighting matrices S; (¢ = 0,1,2) in (12) are used to express the re-
lationship between " (t1,t2), " (t1 — T1(t1),t2) and ftt11—f1(t1) i"(s,t2)ds, using the
Leibniz-Newton formula.

The free weighting matrices N; (1 = 1,2,3) in (13) are used to take into account
the model of the system, that is, the relation between g'rh(tl, ta), xh(tl, t2) and 2" (t1 —
T1(t1),t2). The key idea behind is to consider & (t1, t2) as a variable in the first derivative
of the Lyapunov-Krasovskii functional.

Computing the derivative of Vi(t1,t2) along the trajectories of (2) gives:

8\/1(751,152) 8a:h(t1,t2) _

Ozl (t1,t2) ot1 -

20" (t1, ta) Pra" (1, t2) + a7 (tr, t2) Q" (t1, t2)

— (1 =71 (t1))2"" (1 = (1), t2)Qua" (1 — Ta(t1), 82) + had" " (b1, t2) Rad" (11, 82)

t1
—/ AT (5, 1) Bai" (s, ) ds
t

1—h1
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Then, for any matrices So, S1, S2, N1, N2 and N3 using (12) and (13), we can bound
the derivative as follows:

oVi (t1, tz) 8xh(t1, tg)
Oxh(t1,t2) oty

thT(tl,tg)Plih(tl,tg) + l‘hT(tl, t2)Q1$h(tl7t2)
— (1 — d1)$hT(t1 —T1 (t1),t2)Q1l’h(t1 —T1 (tl),tg) + hli’hT(th tz)R1i§h(t1,t2)

ty
— / ihT(S,tz)le}h(S,tz)dS
t

1—71(t1)

+2 [iChT(tl, tz)S() + IhT(h — Tl(tl), tg)sl =+ thT(tl,tz)Sz] X

{xh(tl,tg) - Ih(tl —71(t1),t2) —/

t1—71(t1)

t1

i (s, tg)ds}
+2 [th(tl, )Ny + 2" (11 — 71 (t1), t2) Na + &7 (14, tz)Ng] X

{j?h(tl, ta2) — A11$h(t1,t2) — A1oz”(t1, t2) — Audivh(h —T11(t1),t2) — Ar2qax” (t1,t2 — Tz(tz))}

Further, using the newly defined vector £(¢1,t2), the expression above can be rewritten
as

8V1 (tl, tg) al'h(tl, tg) <
Oxh(t1,t2) ot

fT(tlytZ) {2€2TP1€5 + €leel - (1 — d1)€§Q163 + h165TR1€5} f(tl,tz)

t1
- / Ctr, ta, 5, k)T RuerC(t, ta, 5, k)ds
t

1—71(t1)

=+ 2§T(t1, tz) {6?5061 — 6?5063 —+ 6;{5161 — 6;{5163 —+ 6?5261 — 6?5263} §(t1, tg)

t1
— 2/ C(tl,tz, S, k)T {6?5067 + 6?5167 + 6?5267} C(tl, ta, s, k)ds
t

1—71(t1)
T T T T T T
+ 2&° (t1,t2) {61 Nies — ey N1Aiier —eg Ni1Aizea — e1 NiAriges — e1 N1Ai2q€a
T T T T T
e3 Noes —e3 NoAii1er — e3 NoAizes — e3 NoAr14e3 — e3 NaoAisges

eX Nses — es NsAire1r — es N3 Aizes — ex N3 Airqes — 65?N3A12d€4} &(t1, t2).
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We get similar expression for the second direction, which combined with the inequality
obtained above yield the following condition for both directions

V§V($(t1, tz)) < fT(th tz) {26513165 + G?Qlel — (1 — d1)63TQ163 + h1€5TR165} §(t1, t2)

Let

ty
_ / ((tl,tg,s,k)T€$R167C(t1,t2,S,k)dS
t1—71(t1)
+ 2£T(t1, t2) {efSoel —eF'Spes + el Sier — el Sies + el Soeq — 655263} &(t, t2)

t1
— 2/ C(th t2, s, k‘)T {6f50€7 + 6?5167 + 6?5267} C(tl, 12,8, k‘)dS
t

1—71(t1)

T T T T T T
+ 2€ (tl,tQ) {61 N1€5 — €1 N1A1161 — €1 N1A12€2 — €1 N1A11d€3 — €1 N1A12d€4
T T T T T
€3 N265 — €3 N2A1161 — €3 N2A1262 — €3 N2A11d63 — €3 N2A12d€4

ef Nses — e2 NsAi1er — es NsAizes — er NsAiiqes — 65TN3A12d€4} &(t1,t2)

=+ §T(t1,t2) {6;13266 + 62TQ262 — (1 — d2)€§Q1€3 + hzegRQEG} f(tl,tz)

t2
- / Ctr, ta, 5, K)TeT RocsC(tr, b, 5, k)ds
t

2—T2(t2)

+ 2€T(t1, tz) {6§T062 — 6%1T0€4 + 6ZT1€2 — €ZT164 + eGTTgeg — egT2€4} f(tl, tg)

ta
_ 2/ C(tl, ta, s, /C)T {egToeg + 6ZT168 + 6gT268} C(tl, ta, s, k)ds
t

2—72(t2)

T T T T T T

28" (t1,t2) {62 Mies — e3 M1 Az1er — e3 M1 Aziqes — ex M1 Assqes — e MiAzzges
T T T T T

ey Maes — ey MaAzier — ey MaAzses — ey MrAsiqes — ey MaAzoges

egMges — 6%1M3A21€1 — egM;;AzQeQ — €gM3A21d63 — egM3A22de4} f(tl, tz).

00 0O0O0O O
* X110 X15 0 X1
- » * «x 00 00
=di = >
H=diag{H H H}, X f ok £ XD0 0 >0
* % x x 0 0
x % % *x x X35
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Then, applying lemma, 1, respectively for X" and X, we get

t1 to

e (b1, ta) X"E(t1, t2)ds f/ €T (t1, ta) X (L1, to)dk

ty1,ta—72(t2)

HE(tr,t2) XE(t1, t2) */

1—71(t1)

= HE(t1,t2) XE(t1, t2)—

1 1 1 ;
t1,t2) {dmg{ 0 0 O}XL
/t1 Tl(tl)/tl to— 72<t2) T2(t2) Ta(t2) T2 (t2)

—i—dmg{() i ° n(ltl) 0 Tl(ltl)}X”}f(tl,tg)dsdk

< HE(tr, t2) XE(t1, t2)—

1 1
/ / t1,t2 {dl {7 0 — O}Xh
t1—71(t1) Jt1,ta— Tz(tz) ha ha

1
—i—dmg{() " 0 T }

f tl tg dsdk

- t1 t2 _
AET (11, 12) XE(t, £2) — / / €7 (11, )T XE(ty, ta)ds  (14)
t1—71(t1) v ta—T2(t2)

with
U=diag{U U U}

1 2
VoV (2t t2)) < €7 (t1,12)ZE(t1, t2) — / / T (tr,ta, s, K)WC(t, ta, s, k)dsdk
t1—711(t1) Jta—7a(t2)

with
Q —sym {A1 A} +sym {Yo} + HX11 ATAY — AAG 4+ Tio + HX 12
Z= * —(In = W)Q —sym {A2Aq} —sym {11} + HXo22
% *
P+ A — ATAT + ) + HX 5
As — AT AT — ¥ + HXos <0
HR + sym {A3} + HX33
and

UX11 UX12 UX13 UYp
* UX22 UX23 UTl
* * UX33 UTQ
* * * UR

v =

If £ < 0and ¥ > 0, then V.V (z(t1,t2)) < —¢||z(t1,t2)|” for a sufficiently small e,
which ensures the asymptotic stability of system (2).
1o
Specifically, if we select R > 0 then X can be chosentobe X = |71 | R™! [TOT ¥ TQT] >
1>
0. This ensures that ¥ > 0. In this case, = < 0 is equivalent to ® < 0 according to the
Schur complement.
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6.2 Proof of Theorem 2

Using the same Lyapunov functional as mentioned in section 6.1, for the closed loop
system, we get the condition

Q—sym{M A} +sym {20} AT AT — A1 A4+ Yo
&, — * —(In —W)Q — sym{A2As} —sym {11}
* *
* *

P+ A —ATAY + 7T HUY,
Ay — ATAT — ¥ HUN
HR+Sym{A3} HUY>

* —HUR

<0,

that is, according to Theorem 1, is sufficient to ensure that the closed loop system
is stable.
Consider the case where A1 = Ay = A3 = A, then

Q —sym {AA:} + sym {70} ATAT — AA4 + Yo
& — * —(In —W)Q —sym{AAs} —sym {71}
¢ * *
* *

P+A—ATAT + 7T HUY,
A— ATAT —7f HUT
HR + sym {A} HUY,

* —HUR

<0 (15)

Note that this last condition is bilinear with respect to the variables A and K and
therefore it may be considered as a BMI problem. To obtain LMI (7), it is necessary
to pre- and post-multiply inequality (15) by diag {Ail, AL AT Ail}.
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